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Perturbation Analysis of the Octupole-induced Resonances in a Storage Ring

This note is a continuation from LS-126, in which we derived a formula
for the lowest-order amplitude-dependent tune shift for octupole-induced reso-
nances. Here, we will apply the canonical perturbation theory to the octupolar
Hamiltonian and attempt to extend our analysis further in order to obtain much
clearer insight on the octupole-induced resonances. We will derive the distortion
functions, which measure the distortions of the particle oscillation phase and am-
plitude in phase space. Based upon these distortion functions, we will derive the

higher-order amplitude-dependent tune shifts for octupoles.

Our starting Hamiltonian is Eq.(15) in LS-126. Since we already analyzed
the ¢-independent terms in LS-126, here we simply drop these terms and keep
only those terms that depend on ¢. Except for their contribution to the lowest-
order amplitude-dependent tune shift, the ¢-independent terms do not contribute

to our analysis. The octupolar Hamiltonian V is then written as:
n
V(J,¢;8) = ——
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The above equation can be conveniently expressed by:
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In the above, s; is the distance of the k** octupole from an arbitrary reference

point in the ring.

The total Hamiltonian is then simply
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For small V', we can treat the octupole term as a perturbation and make the
Birkhoff-Moser transformation to Ji, and ¢1,. This transformation can be ac-

complished via the following generating function:

Fl(¢z)¢y: le,J1y§5) = ¢zJ1z + d)ley + G(¢z;¢y: J1z, leQS) (6)

where G is the function that will be obtained in the following. The assumption

of small V' is valid as long as a particle is sufficiently far from the resonance.



If a particle is near the single resonance, then a canonical transformation exists
that leaves only the dominant resonant term by transforming away all the non-

resonant terms. Treatment of this case is not the subject of this note.

If G is small enough, the above transformation is close to the identity trans-

formation:
OF,
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1z
O, (7)
Jy = =J
z aqsz 1z -+ Gq&, 5
where z = z,y and G, is defined by:
G
Gy, =— .
* Ba (&)

The new Hamiltonian is then

OFy  Jiz +Gy,  Jiy+Gy,

= +
ds B ,By (9)
+ V(¢$7¢y7 le + G(ﬁ,ale -+ Gqﬁyys) + Gs

ho = h +

Following the assumption of small V', we expand V to first order in 6J, = G_.

When this is done, the new Hamiltonian has the form:

Jiz + Gy, Jiy + Gy
= -+ =+ Vb, by, J1z, J
8 By (Gorb0o iz i) (10)

-+ VJ11G¢1 + VleG¢y + Gs.

he

We note that the V; Gy, and Vj, G4 terms are of second order. Therefore, if

G satisfies the following equation,

G G
Tt T8 1G4V =0, (11)
Bz By

then Jiz and Jyy are approximately constants of the motion to first order in §J,

and 6Jy.



The new Hamiltonian then becomes

Jiz 4 Jiy

ho =
2T 8 By

+ Vju G¢1 + VleG¢y (12)

Let’s consider Eq.(11). We’d like to find its periodic solution. Eq.(11) is, in more

general form,

U(Jl)‘G¢+G9+V(¢,J1;0) =0 , (13)
where
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Note that the independent variable has been changed from s to 4. In order for a

periodic solution to exist, the following relation must hold:
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Fourier-analyzing V and G, we have
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Therefore, Eq.(13) becomes

0

k(1) + 550

= —Vk . (16)

This equation can be solved by using the Green’s function method. The solution



is given by
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Using the above formalism and Fourler-transforming Eq.(2}, we obtain
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where C is the circumference of the ring (i.e.,C = 27R) and z denotes either z

or y.

Equation (18) indicates that the octupole-induced resonances are, to first

order,

dvy =p, 20z =p, 2w;t2vy=p
(21)
dvy=p, 2vy=p ,

where p is an integer.



Distortion Functions

Using Eqgs.(7) and (18), we obtain the distortions in oscillation amplitude:
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These equations can be written in more compact form:

§Jp = —2J%(Fiz + 2Fa;) + 6150y (Faq + Fam + 2Fy;)

§Jy = 6J5Jy(Foy — Fy— + 2Fyy) — 207 (Fay + 2Fyy)
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Fy, = By, cos2¢, — Ag,sin2¢,

Foy = Baicos2¢+ — At sin 204
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These functions are the distortion functions for normal octupoles. Distortion
functions measure the distortion of the betatron oscillation amplitudes in phase-

space.

Next, we’d like to express the above integrals in terms of the summations. For
this purpose let us consider, for example, the By, term. The explicit expression

for By, is given by :
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For ' < s,
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Therefore, for &' < s,
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In the above equations, m, m,m are given by Eq.(4).

8

ds’ cos 4(¢, (') — 2 (sk) — 7r2).



We now express the distortions of the amplitude in terms of the real coordi-

nates. Rewriting Eq-(24) explicitly in terms of the distortion functions yields:
§J, = ——2J§(B4I cosd¢y — Aggsindg, + 2By cos 2¢,
— 2435 8in2¢;) + 6J5Jy(Bay cos2¢4 — Aoy sin2¢y + By cos 2¢- (28)
— Ag_sin2¢_ + 2Bay; cos 2¢, — 2As;5in 2¢;)

and

§Jy = 6J3Jy(Bas cos2¢y — Aaqsin2¢4 — By cos2¢-
+ Ag_cos2¢_ + 2Bzy cos 2¢y — 2A2y sin 2¢y) (29)
— 2Jy2(B4y cos 4y — Agysindgy + 2By cos 2¢y — 242, sin2¢,).
The above two equations can be expressed in terms of the particle oscillation
amplitude, A, = +/28,J,:

bA, = &wz, 2J, = Az

A, VB

(30)

Therefore, we obtain

A3 :
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+ 2Bg; cos 2¢, — 2A9, sin 2¢;) + 28 (Bay cos 24
y

— A2y sin2¢y + By cos2¢_ — Ag—sin 2¢_ + 2Bay cos 2¢, — 24z, sin 2¢,)
(31)

and
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Ay 20,
— By_cos2¢_ + Ag_sin2¢_ + 2Bay cos 2¢y — inzy sin2¢y) (32)
A3
- ﬁ(B,;y cosdpy — Agysindey + 2Bgy cos 2¢y — 245, sin 2¢y)
v

where Bz, By are the S-functions at the observation point.
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Amplitude-dependent Tune Shift

Consider the new Hamiltonian given by Eq.(9). This can be written in the

form:

ho = hO(Jl) -+ I/(Jl) . G¢ + Gy + V(¢, Jl;S) + V- G¢ + e (33)

In the above equation, the nonlinear term can be separated into a part that
depends only on the new action variable and into another part that involves
J1, ¢1, and s but has an average value of zero. This oscillatory term is the object
of the next canonical transformation. The term, which is a new action variable

J1, then leads to a change of frequencies with amplitude.

The new Hamiltonian can be written in the form,

hy = ho(J1)+ < V'(J1) > +[V'= < V' >]
(34)
= hOl(Jl) +Vl(¢la']1)3)

and the new shifted frequency is

Jdho1 7 8<V,>,

Ji) = =
nla) = 58 =)+ 257 ()
Eq-(34) is explicitly given by
J J 1 ?
hoy = =% 4+ 2 ——/W W,)d 36
nT e | e (56)

where
W, =< GgS,le > 2=,y
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From Eq.(2),

v = 2f,Jz(cos ¢, + 4 cos 2¢;)
8J; (37)

— B fzyJy(cos2¢4 + cos2¢_ + 2cos 2¢; + 2cos 2¢y).

Vle =

On the other hand, G4, = (8G/8¢;) = 6J; has already been calculated and is
given by Eq.(24). In what follows, we will omit all the A terms, simply because

they do not contribute to the average. We then have

Gy, =— ZJZZ(B4z cos4¢y + 2Bz cos 2¢,)
(38)
+ 6J5Jy(Ba+ cos 2¢4 + By cos 2¢_ + 2B, cos 2¢;).
Thus,

C
1
W, =< Gy, Vy, >:5 /[~2J§‘(B4z cosd¢g + 2B9z cos 2¢;)
0
+ 6JzJy (B cos2¢4 + Ba_ cos 2¢— + 2Byg cos 2¢. )]

X [2fzJz(cos 4dz + 4 cos2¢z) — 6 fryJy(cos 24+

+ cos2¢ - + 2¢os 2¢; + 2 cos 2¢y|ds
C
1
0

-+ 12f$J§ Jy(8B2z cos? 2¢z) + 12fzyJ§Jy (4 B2 cos? 2¢,)
- 36fzszJ3(Bz+ cos? 24 + By_ cos® 2¢_

+ 4 Bs, cos® 2¢;)]ds.
(39)

After taking the average, we obtain

Wz - —2fzJ2(B4z + 8B2z) + 48fzJ3JyB2z
(40)
+ 244y J2JyBag — 18 fay JoJ ) (Bat + Ba— + 4B3;).
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We now consider fyBs; and foyBaz-

B, oL B2 1 7 s Bl
fxBaa =i Bp S Sk)ﬁ J sin2wy, BaBybls = si)
x cos 2(z (') — ¥z (s) — wvg) (41)

_ B”’z 1 1 BiB™
B ; ﬂzﬁy #8(s = )ﬁsinflﬁuz( Bp )i
X cos 2(%(816) — 1Pz (8) — TUz).

This holds for W;. Therefore, f; B2z = fzyB2z. Thus,

Wz = “2f:z (B4z+8BZz)+72fzyJ J B2:z:'“18f:r:y~]a: (BZ++BZ +4B2z) (42)

We can also obtain W, by the same procedure.

C
Wy =< Gy, Vs, >=— /6.] Jy(Ba+ cos2¢ — By cos 2¢_)

+ 2By cos 2¢y) — 2J2(Bay cos 4¢y + 2By cos 2¢y)]
X [—=6 fryJz(cos2¢4 + cos2¢_) +2cos2¢; + 2 cos 2¢y)

+ 2f5 fy(cos4¢y + 4 cos 2¢y)|ds
1 2 2
== [—86 fzyJ; Jy(Ba+ cos” 2¢4

— By_ cos? 2¢_ + 4B2y cos’ 2¢y)
+ 12 fay JuJy (4Bay cos® 28y) + 12 J5Jy (8 Bzy cos” 2,
—4fyJ (B4y cos” 4¢y + 8 Bay cos® 24,)]ds

S 18fzyJ§Jy(Bz+ — By_ + 4Byy)

+ 242y J5 I} Bay + 48 £y JoJ. Bay — 2fy J2 (Bay + 8Bay).
(43)
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As in Eq.(41), in this case we find fzyBay = fyBay. Therefore,
Wy = ——18ny 2Jy(B}+ Bz T4U2y)+7éjzyded2BZy 2fyuy\u4y—{—SB

Finally, we have

C
1
/ (Wa + W)
0
9 _
- Z[—fJi’(B% + 8Baz); — Zszzfy(Bz_}. — By — 4By, + 4By,
k

9 _ 1
= omJaJy (Boy + By- + 4Bag — 4Bay)k — JJg (Bay + 8Bay)i)-

The amplitude-dependent tune shifts are, therefore, given by:

1 8w 1 3m
Avy = — =— Y [Z=J2(By4, +8B
Ve = on dJ, 2T Zk:[ 4 2(Bs + 8512 )s
Om _
+ —2_Jsz(BZ+ - BZ—- - 432:: + 4B2y)k
Om —
+ TJyZ(BH + By + 4By, — 4By,)i]
and
1 oW 1 9m
Avy=———=——3Y [—J2(Byy — By_
T on 8, 27rzk:[ g J= B = B

= 9m
‘ 4-B2:z: + 4B2y)k + TJsz(B%{— + B2—

_ 3m
+ 4By, — 4Byy)x + fJ,?(&y + 8Bay k).

- (a4)

(45)

Combining the above results with those given by Eq.(20) in LS-126, we finally
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obtain the octupole-induced amplitude-dependent tune shifts :

2rAv, = a2§z:m_—b2§2:m
3

- Ba4 Z m(Byy + 8B2y)
; * (49

— —8‘0,262 Z m(Bg.\_ - B2_ - 4B2z + 4B~2y)
9 _

- Eb‘* > m(Byy + Ba + 4By, — 4By,)

and
2 Avy = —a2§ Zm+ b2§ Zﬁz
v 4 L 8

9 -

— 1—6(14 Z m(B2+ — Be_ — 4By, + 4Bzy) [49)

9 _
- gazzﬂ Y m(Bat + By + 4By, — 4By)

3 _
- i—éb4 Z m(B4y + 8B2y).
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